Tracer advection of non-Newtonian fluids in reoriented duct flows is investigated in terms of coherent structures in the web of tracer paths that determine transport properties geometrically. Reoriented duct flows are an idealization of in-line mixers, encompassing many micro and industrial continuous mixers. The topology of the tracer dynamics of reoriented duct flows is Hamiltonian. As the stretching per reorientation increases from zero, we show that the qualitative route from the integrable state to global chaos and good mixing does not depend on fluid rheology. This is due to a universal symmetry of reoriented duct flows, which we derive, controlling the topology of the tracer web. Symmetry determines where in parameter space global chaos first occurs, while increasing non-Newtonian effects delays the quantitative value of onset. Theory is demonstrated computationally for a representative duct flow, the rotated arc mixing flow.
I. INTRODUCTION
Reoriented duct flows are representative of most continuous mixers for viscous fluids and consist of a uniaxial flow, a forcing of flow transverse to the throughflow direction, and a systematic reorientation of this transverse flow. Examples of reoriented duct flows include most micromixers 1 and industrial continuous mixers, e.g., Kenics mixer, multiflux mixer, 2 SMX mixer, 3 RAM mixer, 4 and various extruders. 5 Because of the wide application of this class of flow, unraveling its basic flow and transport structure is an active area of research. However, studies of in-line mixers are typically case-specific and restricted to Newtonian fluids. The Kenics mixer and its idealization, the partitioned-pipe mixer, are the most widely studied; [6] [7] [8] [9] [10] [11] others enjoy only occasional attention. 12, 13 Investigations using non-Newtonian fluids are scarce and mostly confined to power-law fluids. 4, [13] [14] [15] A better understanding of the transport properties of non-Newtonian duct flows would be beneficial.
Generalized Newtonian fluids have a yield-stress and a shear-rate dependent apparent viscosity; other rheological effects, such as elasticity, are ignored. Here we will consider only noninertial ͑low Reynolds number͒ flows and assume that the three-dimensional ͑3D͒ duct flow is well approximated by reoriented copies of a basic cellular flow, which is supported by experiment 4, 8 and greatly reduces computation compared to resolving the full duct.
As our fluids application focus is mixing and transport in low Reynolds number flows, our approach will be chaotic advection, augmented by dynamical systems tools. 16 In this context good mixing is synonymous with globally unrestricted, rapidly realized, highly ramified tracer motion, typically brought about in duct flows by the application of sequences of laminar flows. Though the streamlines of the flow can be simple, the path lines of the tracers disengage from the streamlines to wildly interleave at ever finer length scales as they travel down the duct. Analyzing the motion along tracer paths is the Lagrangian point of view and collectively the total set of paths define the geometry of mixing and transport. The topology of transport, in turn, depends on the parameters controlling the flow and boundary conditions and on the parameters specifying the fluid rheology, which together control, in essence, the Lagrangian version of the interplay between how a flow is forced and how the fluid responds.
The tracer topology of 3D steady incompressible duct flows is formally analogous to that of two-dimensional ͑2D͒ time-dependent Hamiltonian systems. 17 The Hamiltonian structure underlies the tracer topology and transport properties regardless of rheology. However, the Hamiltonian structure does depend on symmetries determined by domain geometry and boundary conditions. When present, symmetries constrain the coherent structures in the web of tracer paths and can determine whether or not global chaos is possible. Symmetry analysis is powerful because transport properties can be determined from only gross knowledge of flow and geometry. Rheology determines a fluid element's response to stress and effects the transition to global chaos. For duct flows our analysis examines the interplay between symmetry and rheology on the onset of global chaos and provides a methodology for designing best operating conditions for inline mixers of non-Newtonian viscous liquids.
II. FLOW DEFINITIONS

A. Reoriented duct flows
The flow domain is a duct- Fig. 1 gives a schematic-of nonvarying cross section ͑with characteristic transverse dimension L xy ͒ that is axially partitioned into a sequence of cells each of length L z . The axial flow v z is driven by a constant axial forcing and vanishes on the duct wall. Any method of axial forcing is allowed ͑pressure-driven, electro-osmotic, …͒. Provided it remains constant in the axial direction, the analysis is similar to the pressure-driven case. The transverse flow v xy = ͑v x , v y ͒ is subject to a cellwise reoriented transverse forcing with no-slip boundary conditions V xy ͑ , z͒ of the form V xy ͑ , z͒ = U xy ͑ − R ͑z͒͒, with R ͑z͒ = ⌰͚ k=1 ϱ H͑z − kL z ͒ the reorientation angle, H the Heaviside function, and the azimuthal component of the cylindrical frame of reference ͑r , , z͒: the transverse boundary conditions U xy are incrementally reoriented by ⌰ with progressing axial position. U xy represents the transverse forcing mechanism that may include internal elements. The discontinuous reorientation implies cellwise constant transverse forcing. However, realistic duct flows may involve cellwise z-dependent forcings ͑e.g., the Kenics mixer͒. Reconciliation with the present duct flows is possible via an appropriately chosen frame of reference. The form of U xy requires the cross section to be invariant under ⌰; moreover, we will consider only convex cross sections, i.e., circles or regular polygons of K edges with K an integer multiple of 2 / ⌰. By way of example, Fig. 2 shows a schematic of the reoriented duct flow on which we will report computations. The rotated arc mixing ͑RAM͒ flow 4 consists of two concentric, snugly fitting cylinders. The stationary inner cylinder has a series of windows via which the rotating outer cylinder drives a transverse flow in the duct through viscous drag. Windows are periodically offset azimuthally in the axial direction to systematically reorient the transverse flow. Figure  2 also shows an experimental example of tracer advection.
B. Cellular flow model, tracer kinematics, and control parameters
For noninertial conditions, sufficiently elongated cells, and negligible intercellular transient effects, the reorientation of the transverse boundary condition carries over to the internal flow: the global flow field has the form v͑r , , z͒ = u͑r , − R ͑z͒͒ and P͑r , , z͒ = p͑r , − R ͑z͒͒ with u = u͑x , y͒ the transverse flow and p = p͑x , y͒ + C p z, with C p the constant axial pressure gradient. The cellular duct flow model 18 for the transverse u xy and axial u z velocities is
with the dynamic viscosity and ٌ = ‫ץ͑‬ / ‫ץ‬x , ‫ץ‬ / ‫ץ‬y͒. Fluid rheology is that of the Herschel-Bulkley ͑HB͒ model:
with 0 the yield stress, the fluid consistency, and n the flow index, which has both yield ͑ 0 Ͼ 0͒ and pseudoplastic ͑n 1͒ effects. As shear-thinning is more common, 19 we consider here only n Ͻ 1. The cellular model ͑1͒ is a reduction in space to a plane cross section of the duct with the crucial retention of all three velocity components and their gradients; we call it a 2.5D cellular model. 20 The motion of passive tracers is given by the kinematic equation
that describes the evolution of positions x of tracers released at x 0 along their Lagrangian trajectories. As we consider axialwise spatially periodic duct flows, after N cells the flow repeats itself ͑v͑x , y , z + N͒ = v͑x , y , z͒͒: taking one period length z ͓0,N͔ with in-and outlet as periodic boundaries is a sufficient description. Nondimensionalization of the model follows from scal- 
͑4͒
Control parameters are the nondimensional yield stress = 0 / c n ͑the Bingham number͒, the flow index n and flow ratio D = U z / U xy . The different scalings for transverse and axial velocities mean the nondimensional velocity field, in terms of U xy , is u = ͑u x , u y , Du z ͒. The nondimensional kinematic equation follows from ͑3͒:
The reorientation angle ⌰ ͑via v͒ and ␤ = U xy L z / U z L xy are additional control parameters for the tracer dynamics. Physically ␤ is the in-plane stretching per cell residence time.
From an engineering design point of view ␤ is both proportional to the transverse energy input and to the size of a device; it is generally desirable to use the smallest value of ␤ that gives unrestricted chaos. Equations ͑1͒, ͑4͒, and ͑5͒, rheological parameters ͑ , n , D͒, and kinematic parameters ͑␤ , ⌰͒ specify the model.
III. MIXING IN REORIENTED DUCT FLOWS
From the Hamiltonian structure of transport and its response to common topological symmetries and to nonNewtonian effects of the HB rheology, universal conclusions about mixing in duct flows can be drawn.
A. Hamiltonian structure
For steady flow Lagrangian paths coincide with streamlines of v given by
after eliminating t from ͑5͒. The streamline representation preserves the topology of the Lagrangian tracer paths and enables expression of the 3D topology of the duct flows in terms of a 2D time-dependent Hamiltonian with the axial position z a fictitious time. 17 Spatial periodicity of duct flow means that continuous tracer paths x͑z͒ = ⌽ z ͑x 0 ͒ can be reduced to maps kN ͑k =0,1, . ..͒. ⌽ relates cross-sectional tracer positions x k * = ͑x k , y k ͒ between predefined axial levels z k : the 2D cross-sectional map x k+1 * = ⌽͑x k * ͒ fully captures the dynamics of duct flows for a topological analysis, and we hereafter drop the "*" distinguishing cross-sectional positions from 3D positions.
Central to the topological properties of Hamiltonian systems are periodic points ⌽ p ͑x 0 ͒ = x 0 ͑period-p points͒ that return to their initial position after p periods. 21 ⌽ has at least one period-1 point, 22 and in general Hamiltonian maps have two kinds of nondegenerate periodic points: elliptic and hyperbolic. Elliptic points are the centers of nonmixing zones ͑elliptic islands͒ and hyperbolic points have associated manifolds that, depending on their interaction, may promote or obstruct good mixing. 21 In 3D periodic points correspond to periodic lines, islands to tubes, and manifold lines to 2D surfaces. Tubes, manifolds, and periodic lines are the fundamental building blocks of flow topology.
A flow's mixing ability is linked to elliptic points: their presence inherently signifies poor mixing; their absence signifies good or complete mixing ͑though not the rate for completion͒. Finding the values of the control parameters under which ⌽ has no elliptic points is a necessary analysis for designing unrestricted chaotic advection and good mixing.
3D systems with a dominant direction are well approximated by an averaged Hamiltonian
where ⌿ is the transverse stream function. The 2D steady Hamiltonian H is nonchaotic with a topology entirely of nested islands defined by the level set ͑isopleths͒ of H . This is the integrable state of the system, and its breakdown is necessary for good mixing. Breakdown of the duct flow integrable state is controlled primarily by ␤. For ␤ marginally above zero weak transverse flow causes weak transverse drifting of predominantly axial tracer motion. As ␤ rises above some lower limit, there is progressive disintegration of the island͑s͒ of H possibly leading to their full destruction within some finite ␤ interval. 23 However, better mixing is in no way monotonic with increasing ␤ for at least two reasons. First, the ␤ interval for full destruction may exceed that is realizable in an actual device. Second, as ␤ rises, new islands, unconnected with H , may appear, requiring a new ␤ interval for their destruction. These islands may emerge and restrict global chaos to specific ␤ ranges. 9, 23 Finding good mixing is nontrivial and may depend on all of the control parameters ͑⌰ , , n , D͒. ⌰ controls topological symmetries, and ͑ , n , D͒ control nonNewtonian effects.
B. Symmetry
Duct flows may possess symmetries that order the topology and control the breakdown of the integrable state. Cellular and reoriented flow implies ⌽ has the composite form Topological mixing study of non-Newtonian duct flows Phys. Fluids 18, 103103 ͑2006͒
with ⌽ k and ⌽ c the maps, respectively, for the kth cell and the basic flow field, and with R the reorientation operator. In practice a reflection symmetry is often found. If the boundary conditions U have reflection symmetry, it carries over to ⌽ c :
with S ␣ the reflection operator about = ␣ / 2, which may also be used for identifying coherent structures. [24] [25] [26] Reduction of
͑10͒
The symmetry
reflects about the axis = ͑␣ − ⌰͒ / 2, and leads, after substitution in ͑10͒ and application of S ␥ 2 = I, to
S ␥ , a reversal-reflection symmetry, 24 is controlled by the reorientation ⌰ and causes coherent structures in the Poincaré section to emerge symmetrically about = ͑␣ − ⌰͒ /2.
C. Non-Newtonian effects
For the HB rheology cellular duct velocity fields take on one of the ten fundamental flow states in Table I . In particular limits of the control parameters non-Newtonian behavior may be dominated by shear-thinning ͑through n͒ or yielding ͑through ͒ only and/or depend on the transverse or axial flow ͑through D͒ only; there are rheological simplifications and dynamical simplifications. 18 For n Ն n min or Յ max the HB rheology simplifies to a Bingham fluid ͑B͒ or power-law fluid ͑P͒, and for n Ն n min ഫ Յ max to a Newtonian fluid ͑N͒. As D → 0, the shear rate becomes a function of only the transverse field ␥ ͑u xy ͒ = ␥ xy ; as D → ϱ, the shear rate becomes a function of only the axial field ␥ ͑u z ͒ = ␥ z . NonNewtonian effects on the breakdown of integrability can be examined separately for each flow state. An important aspect of the interplay between symmetry and non-Newtonian effects on advection in duct flows is the fact that all of the velocity fields in Table I are topologically similar.
18 Figure 3 shows a typical HB flow field. Panels a and b show the transverse stream function ⌿ and velocity magnitude ͉u xy ͉ for the RAM device; the moving boundary sets up a counterclockwise circulation with large velocities near the window. Panel c gives the axial flow u z ; it is nearly axisymmetric ͑Poiseuille-type͒. Topological similarity does not say there are no non-Newtonian effects, rather they are quantitative only, affecting e.g., circulation amplitudes, the exact coordinates of stagnation points, or the size of gradients. Numerical experiments 27 suggest that the velocity field similarity carries over to the advection fields in HB duct flows. Variation of the control parameters make purelythough possibly substantial-quantitative differences in tracer advection. This topological similarity for HB rheology means that in the interplay between non-Newtonian effects and symmetry on the onset of chaos in duct flows, symmetry is primary.
IV. MIXING IN THE RAM DUCT FLOW
The topological mixing theory is illustrated for the RAM flow, which connects with the generic duct flow via L xy = R, L z = L, U xy = ⍀R, and U z = U, where ⍀ is the outer-cylinder angular velocity and U is the mean axial velocity. 28 We fix the window opening here at ⌬ = / 4 and restrict the offsets to the discrete set ⌰ = m / 5 with a nonzero integer m ͓−4,4͔. One spatial period is either N =5 ͑even ͉m͉͒ or N =10 ͑odd ͉m͉͒ cells. Calculation of the non-Newtonian velocity and advection fields follows Speetjens et al.
18
A. Integrable state and its breakdown
The averaged Hamiltonian is derived from the stream function of the basic transverse flow, which is an annular shear flow that causes arbitrary material lines to coil-up around the stagnation point u xy = 0 counterclockwise, due to our choice on the sign of ⍀. For noninertial flow, ⌿ is symmetric about = ⌬ /2. H is shown in Figs. 4͑b͒ ͑N =5͒ and 4͑c͒ ͑N =10͒; it has a single island with reflectional symmetries about the axes = ͑⌬ − p /5͒ / 2, with p =0,2, ... ,8 for even ͉m͉ and p =0,1, ... ,9 for odd ͉m͉. The single elliptic period-1 point x H coincides ͑due to the multiple reflectional symmetries, in the limit ␤ =0͒ with the origin. Importantly the stream function ⌿, and thus H , varies only quantitatively with changes in rheology, meaning the contours in Fig. 4 are topologically similar for any solution to the cellular flow model, regardless of rheology. 18 Due to the transverse flow having reflection symmetry, the qualitative response to ⌰ depends only on the direction of reorientation ͑i.e., ⌰Ͻ0 or ⌰Ͼ0͒. As changes due to non-Newtonian effects are entirely quantitative, there are only two breakdown scenarios for the integrable state. Figure  5 shows the response for ⌰ negative ͓=−3 / 5, integrable state in Fig. 4͑c͔͒ to increasing ␤. At ␤ = 0.1 ͑panel a͒ the island is largely intact. For ␤ = 1 the elliptic island is reduced ͑panel b͒. Increasing ␤ diminishes the central island while constellations of islands embedded in a "chaotic sea" form; survival and disintegration of individual orbits follows the KAM and Poincaré-Birkhoff theorems. 23 This continues until the demise of the central island and island-chains at ␤ = 11, leaving the globally chaotic state in panel d. The chaos of tracer dynamics is conclusively established by verifying that tracers released at arbitrary positions produce Poincaré sections with unrestricted motion similar to Fig. 5͑d͒ . Figure 6 shows the response for ⌰ positive ͓=2 / 5, integrable state in Fig. 4͑b͔͒ to increasing ␤. The states at ␤ =1,5,11 are starkly different from those in Fig. 5 . For ⌰ positive the original central island always survives. In this case, a second island, unconnected with H , also emerges. Nearly tripling ␤ ͑panel d͒ does not change the situation in that, though diminishing in size, both islands survive.
Figures 5 and 6 represent the progressions for arbitrary negative and positive offsets: only negative offsets admit global chaos. But exactly why is this so?
B. Consequences of symmetry
From Eq. ͑12͒ the reflection symmetry of the stream function ⌿ about = ⌬ /2 ͓Fig. 4͑a͔͒ implies a global reversal-reflection symmetry in the tracer advection and that coherent structures in the Poincaré sections form symmetrically about the axis = ͑⌬ − ⌰͒ / 2. Importantly the symmetry exists regardless of rheology. In the integrable state, one of the symmetry axes of the islands associated with H ͑Fig. 4͒ always coincides with = ͑⌬ − ⌰͒ / 2. Symmetry is illustrated in Fig. 7 for the Newtonian limit at moderate departures from the integrable state ͑␤ =1͒ and for several offsets. Though pattern details change with ⌰, there is always symmetry about = ͑⌬ − ⌰͒ /2 ͑dashed line͒.
The difference between positive and negative ⌰ is due to the differences symmetry forces onto the period-1 elliptic point x H . Given the symmetry of ⌽, x H must sit on the symmetry axis = ͑⌬ − ⌰͒ / 2 and coincide with the origin for ␤ = 0. Period-p points ⌽ p ͑x 0 ͒ = x 0 on this symmetry axis come from intersections of the material line I ␥ released on this axis with its image after p periods of the flow:
and in closed systems this keeps x H on the symmetry axis, irrespective of control parameters. 26 Figure 8 illustrates the differences using ⌰ =2 /3 ͑panel a͒ and ⌰ =−2 /3 ͑panel b͒. The sets of concentric curves are the transverse stream- 
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For ⌰Ͼ0 ͑panel a͒ and ⌰Ͻ0 ͑panel b͒ the succession of legs L k results ͑relative to the duct axis͒ in convex and concave tracer paths L, respectively, that expand monotonically in the radial direction for increasing ␤:
x H migrates along I ␥ in the directions indicated by the arrows. As I ␥ is restricted to the angular ranges /2Ͻ Յ for ⌰Ͼ0 and to 0 Յ Յ / 2 for ⌰Ͻ0, x H is confined to either the first ͑⌰Ͻ0͒ or second ͑⌰Ͼ0͒ quadrant of the reference frame x * and thus to one of the two sections of the symmetry axis separated by the origin. From Fig. 8 it follows that the path of x H has the form L k = R k−1 ͑L c ͒, with L c the leg made by the basic cell: the path L consists of N reoriented equally shaped legs. For x H ͑13͒ reduces to
with I ␥ Ј the section of the symmetry axis that contains x H .
Multiple ͑higher-order͒ periodic points x 0 may exist that also satisfy ͑14͒, of which x H is one. This causes I ␥ Ј to coil-up as shown in Fig. 9͑a͒ while being advected. The leftmost intersection x c corresponds with x H and shifts to the left with increasing ␤. However, for any ␤ Ͼ 0 the leftmost intersection x c is topologically equivalent to that in Fig. 9͑b͒ , implying x H does not undergo a bifurcation and remains elliptic for all ␤. Positive offsets always retain at least one elliptic island. 10͑e͔͒. x H becomes hyperbolic at ␤ = ␤ t , and these new intersections create two elliptic period-2 points on the symmetry axis that enclose the period-1 point x H . This emergence of two elliptic period-2 points and change-of-type of the period-1 point x H from elliptic to hyperbolic is a perioddoubling bifurcation 23 that hinges entirely on the tangency of I ␥ Ј to one isopleth of ⌿. This only occurs for ⌰Ͻ0. With further increases in ␤ there is a period-doubling cascade, though except for the first bifurcation, the subsequently created elliptic points do not necessarily become hyperbolic. Figure 11 , in which the horizontal axis is the symmetry axis, shows the period-doubling cascade: the elliptic period-1 point ͑cross in panel a͒ transforms at ␤ Ϸ 5.5 ͑panel b͒ into a hyperbolic period point and two elliptic period-2 points ͑dots͒, causing disintegration of the period-1 island into two adjacent period-2 islands. The period-2 points become at ␤ Ϸ 6 each enclosed by two period-4 points ͑triangles͒ yet remain elliptic ͑panel c͒. Period-doubling bifurcations undergone by higher-order periodic points create island chains and progressive disintegration of the period-2 islands with increasing ␤. The period-2 islands are embedded in the chaotic sea created by the encircling transversally interacting manifolds of the period-1 point; increasing ␤ progressively diminishes the period-2 islands and simultaneously inflates the chaotic sea. As ␤ t is the bifurcation point, minimizing ␤ t as a function of the other parameters ͑⌰ , , n , D͒ identifies the most likely region of parameter space in which to find mixing optima for a given rheology. Note that finding a globally chaotic optimum above ␤ t is not guaranteed because the period-doubling cascade is not guaranteed to generate spacefilling chaos. However, without the bifurcation of x H at least one elliptic point and poor mixing must endure. In mathematical terms the bifurcation of x H is a necessary, but not sufficient, condition for good mixing.
As symmetry rules out positive ⌰ for good mixing, only ⌰Ͻ0 is investigated further. Figure 12͑a͒ shows ␤ t ͑⌰͒ for the RAM flow. ⌰ =− is singular in that, as the integrable state has a central hyperbolic point whose homoclinic orbit bounds two elliptic islands, ␤ t =0. As ⌰ → 0, ␤ t goes to a nonzero limit value, suggesting ⌰ = 0 is also singular.
To distinguish states along ␤ t ͑⌰͒, we need a measure of how rapidly the manifolds of x H expand the chaotic sea, preferably, for consistency, a measure connected to local properties of x H . The eigenvalues of the deformation tensor F = ‫ץ‬⌽ / ‫ץ‬x evaluated at x H are related to the expansion rate of the chaotic sea-at least for some distance above the bifurcation. For incompressible flows these eigenvalues are ͑ , −1 ͒, with the local stretching rate at x H given by = J + ͱ J 2 − 1 and J = ͑trace͑F͒ −1͒ /2. 21 Figure 12͑b͒ gives ͑⌬␤ t ͒, with ⌬␤ t = ␤ − ␤ t , for several ⌰. Stretching rates grow with increasing ⌬␤ t and with decreasing ͉⌰͉. Topological changes with increasing ␤ are similar to the progression in Fig. 5 ; growing signifies expansion of the chaotic sea and diminution of the period-2 islands.
Having higher growth rates of accompany earlier breakdown of the period-2 islands suggests some universal chaos at which global chaos sets in. We can test this hypothesis and estimate the threshold ⌬␤ chaos ͑⌰͒ for ⌬␤ t . For example, simulations for ⌰ =− / 5 give ␤ t = 5.03 and ␤ chaos Ϸ 6, consequently, ⌬␤ chaos Ϸ 1 and ͑⌬␤ chaos ͒Ϸ4 is the estimate for the stretching rate giving global chaos. Figures 13͑a͒ and 13͑b͒ show the profiles for ⌬␤ chaos ͓obtained by inversion of ͑⌬␤ chaos ͒ =4͔ and ␤ chaos ͑⌰͒ = ␤ t ͑⌰͒ + ⌬␤ chaos ͑⌰͒for the Newtonian limit. There is a nonlinear dependence on ⌰ with a local minimum near ⌰ Ϸ − / 5. The similarity between the curves implies the dependence of ␤ chaos on ⌰ stems primarily from the variation in destruction rates of the period-2 islands ͑⌬␤ chaos ͒; variation in the onset of the period-doubling cascade ͑␤ t ͒ appears to be secondary. As lower ␤ chaos means a higher efficiency device, ⌰ Ϸ − / 5 is the optimal offset for Newtonian fluids. FIG. 11 . Period-doubling cascade at x H ͑cross͒ with increasing ␤ for negative ⌰ ͑=−2 /3͒. The horizontal line is the symmetry axis I ␥ . ͑a͒ x H and its island prior to the bifurcation. ͑b͒ Just after the bifurcation at x H : x H becomes hyperbolic and two period-2 elliptic points ͑dots͒ and islands emerge. ͑c͒ Just after the bifurcation of the period-2 points: four period-4 points ͑triangles͒ emerge enclosing the period-2 points. 
V. QUANTIFYING NON-NEWTONIAN EFFECTS
For 2.5D flows the HB rheology has the ten flow states in Table I , and rheological effects on the onset of chaos can be examined for each flow state. Previous analysis 18 showed that shear-thinning ͑n͒ and yield ͑͒ effects lead to comparable flow fields with progressively more solid-like fluid motion, the more non-Newtonian the fluid. Numerical experiments 27 suggest that the velocity field similarity carries over to the advection fields in HB duct flows and that the primary effect of rheology is to delay onset ͑increase ␤͒ relative to Newtonian fluids. However, the advection states as ␤ increases at given ⌰ are qualitatively independent of rheology. Figure 14 shows the main rheological results. The solid lines are the Newtonian case, and results are shown for the D → 0 limit flow. The onset at ␤ t of the period-doubling cascade increases with non-Newtonian effects. The top figure shows ␤ t ͑⌰͒ for increasing shear-thinning ͑decreasing flow index n͒ and no yielding. The bottom figure shows ␤ t ͑⌰͒ for increasing yield stress ͑increasing ͒ and no shear thinningexcept for the filled circles that show the HB case with both shear thinning and yielding. The bifurcation boundaries are a family of curves parametrized by rheology. Similar behavior is found for arbitrary D, though the quantitative departure from the Newtonian limit decreases as D increases. ⌬␤ chaos profiles ͑not shown͒ remain similar to the Newtonian limit ͑Fig. 13͒ with, as rheological effects increase, some shifting to higher ␤ and contraction of the valley around ⌰ =− /5. For mixing ⌰ Ϸ − / 5 seems optimal for any HB rheology. Note that in practice rheology can augment ␤ chaos so much that global chaos is impossible, in which case theory can be applied to more elaborate transverse forcings 4 that break or lead to a different symmetry. Figures 15 and 16 illustrate the above patterns with Poincaré sections. The top row of Fig. 15 shows a progression of sections for Newtonian fluid as ␤ increases from left to right up to the brink of global chaos at ␤ = 5. The center and bottom rows show sections, all at ␤ = 5, for, respectively, power law and Bingham fluids; these sections should be viewed from right to left. The rightmost column of the center and bottom rows shows the smallest departure from Newtonian. Moving leftward on the center and bottom rows, ␤ stays fixed but the non-Newtonian effects increase. The similarity of the sections in each column shows that increasing nonNewtonian effects is effectively equivalent to reducing ␤. Figure 16 further demonstrates the qualitative independence of the route to chaos to rheology. Shown are the progressions of the advection topology with increasing ␤ for shear-thinning ͑top row͒, yielding ͑center row͒, and the full HB case ͑bottom row͒. The progressions are qualitatively comparable both with each other and with the Newtonian case ͑Fig. 15, top row͒. Moreover, the progressions for shearthinning and yielding are also in quantitative agreement ͑similar topology for the same ␤͒, implying that, similar to the flow fields, both yield and shear-thinning mechanisms have similar effect on the advection fields. Note the differ- 
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Topological mixing study of non-Newtonian duct flows Phys. Fluids 18, 103103 ͑2006͒ ences in density of intersections between the rheologies. Each Poincaré section has the same initial tracer configuration and number of periods. The lower density for yielding compared to shear-thinning is because for yielding the axial velocity near the nonmoving section of the boundary is smaller than for shear-thinning ͓Figs. 15͑b͒ and 16͑b͒ of Speetjens et al. 18 ͔. This localized region of lower axial velocity for yielding increases the typical residence time of tracers in a cell, resulting in a lower density of intersections, and similarly in the combined case. Figures 17 and 18 Figure 18 shows a similar progression. While the central island remains, the smaller island topology varies across D. The chaotic sea depends similarly on D. "Strongly chaotic" states are stable under D variations and have a robustness akin to that of "large" structures. "Weakly chaotic" states are just above the threshold for global chaos. This inherently unstable situation produces the vulnerability of both "small" structures and "weakly chaotic" states. The topological invariance of the basic flow field to changes in the flow parameters is imparted entirely to the global tracer topology.
VI. CONCLUSIONS
We have given a theoretical and numerical analysis on the transport properties of reoriented duct flows of generalized Newtonian fluids. The Herschel-Bulkley model, which incorporates pseudoplasticity and yield, described the rheology, and we assumed spatially periodic axial geometry and noninertial flows. Symmetry, imparted by geometry and the conditions forcing the transverse flow, is the key factor controlling the transition to unrestricted chaos ͑good mixing͒ and transport through the coherent structures in the web of Lagrangian tracer paths. The reversal-reflection symmetry of reoriented duct flow is determined by the reorientation offset ⌰, and only for ⌰ negative can there be globally unrestricted chaos. We calculated the minimum stretching per cell ͑␤͒ to produce global chaos as a function of ⌰Ͻ0 and identified the best ͑␤ , ⌰͒ design choice for a mixing device.
Symmetry results are largely independent of rheology. The qualitative features of the transition to chaos do not 
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Speetjens, Metcalfe, and Rudman Phys. Fluids 18, 103103 ͑2006͒ depend on rheology; however, increasing non-Newtonian effects, either yield-stress or shear-thinning or both, push the quantitative onset of chaos to higher values of ␤. The transition boundaries are a family of curves parametrized by rheology. That shear thinning and yielding produce similar quantitative effects is because both produce similar flow fields with progressively solid-like fluid motion the more non-Newtonian the fluid. Symmetry is primary because the Hamiltonian structure of tracer dynamics hinges solely on the spatial periodicity of the flow. The Hamiltonian structure holds, not just for the 2.5D approximation, but also for fully 3D incompressible flows. This implies that the present analysis largely carries over to any steady duct flow. Effects of symmetries will be essentially similar. The primary difference between 2.5D and 3D is that generic 3D duct flows may display richer nonNewtonian behavior and may not necessarily be unidirectional everywhere. The latter would imply stagnation points and a local breakdown of Hamiltonian structure.
